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Question 1: There exists an incompressible, ideal and permanent (steady) flow of water in the reservoir-pipe system as shown in the

figure given below. Water is poured into the atmosphere from a horizontal pipe ABC. Taking the absolute atmospheric pressure as 9.81
N/cm? and absolute vapor pressure as 0.23 N/cm?:

a- Calculate the discharge of the system.

Without changing the discharge and letting the water evaporate, find the possible minimum value for the diameter of pipe B.
c- Draw the hydraulic and energy grade lines of the system.

d- Find the force that the flow exerts on the narrowing and expanding sections of the pipe choosing the control volume between
cross-sections (I-I) and (II-II).
im
Water
| | 00
r i - =< Horizontal
At i
Solution 1:

If we write the BERNOULLI equation between O and C,
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(0.2)%nm
Q =vgxAg —> Q = 4.42xT - Q=0.14m3/s

If we write the BERNOULLI equation between B and C,
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Question 2: The velocity distribution on the cross-section of a pipe of 10 cm diameter is given in metric units as

U= 400( R? — r2) . Find the maximum velocity on the axis, discharge of the pipe and average velocity in the pipe.

Solution 2:
R=10cm

U = 400(R? — 1?)
Upax =7:0Q =7, V =2
For Uy, v should be zeror = 0

Upax = 400((0.1)2 — 02) = 4m/s

Q =f udA; A =nr?;dA = 2nrdr
A

0.1

R
Q= f u2mrdr - Q =2x f 400((0.1)? — 0®)rdr
0 0

0.1

0.1
Q=2n f 4007(0.1)2%dr — an 400r3dr —» Q = 0.0628m3 /s
0 0

_0.0628

v=—"2" Ly=2
702 m/s

Question 3: Horizontal velocity measurements made by a pitot tube along a vertical line in the mid-sections of a wide channel is shown

below. Calculate the channel’s discharge per unit width and its average discharge.

(cm)

(m/s)
Solution 3:
1.6
q; = 1A, = q; =1.60x(1x0.5) - q; = 7m3/s.m

2.50
Gz = V4, > q, = 2.50x(1x0.5) - q, = Tm3/s.m

1
q =5 (1.60 +2.50 +3.10 + 340 + 350 +3.10) > g =8.6m*/s.m

.6
Vavg A Vore = 1x3 > Vore = 2.87m/s
t

Question 4: A water jet flowing through a horizontal elbow shown in the figure given below is poured into the atmosphere. Average
flow velocity at cross-section (1) is v;=2 m/s and gage pressure is p;=19.62 N/cm?. With the assumptions of ideal and incompressible
fluid and taking absolute atmospheric as 9.81 N/cm?:

a- Find the energy loss at the elbow.
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b-  Find the x,y components of the force that the flow exerts on the elbow.

L.

Solution 4:

v, =2m/s;p; = 19.62N/cm?; p, = 9.81 N/cm?
a-

Q=2

2
O3, 0 = 0.1414m3/s

0.1414

V), =— o v, =8m/s
2 7 7(0.15)2 2 /

2 2
v P v p
2424z =242+, + Ry
29 v 29 v

22 82
19.62 19.62

b-

m (0.3)?
Py = 1962—,— = 13.87 kN

9.81x1000
Qv =
PV =55

_ 9.81x1000
PQV2 = 587

x0.1414x2 = 0.28 kN
x0.1414x8 = 1.13 kN
D Fa =iy + Qv +pQu; — Ry =0

R,=13.87 4028+ 1.13 > R, = 15.28 kN
R, = —15.28 kN

Fluid Mechanics
Application —VIII

Question 5: Velocity components of an ideal and incompressible fluid in a two-dimensional flow (2D) is given as

u=-2ax, v=-2a Y (a=constant ).

a- Is such a flow physically possible?

b- Is there a velocity potential for this function? If so, find the velocity potential function.

c- Find the stream function for this flow.

d- For a=1, find the resultant velocity and acceleration and their components at point M(1,1).

Solution 5:

u=—-2ax; v=~2ay

a-
du OJv

It has to be a+@= 0

du

a=—2a
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av
E =2a
Ju Jdv ) ) )
™ + @ =0 - —2a+ 2a =0 - Flow is physically possible.
b-
10w O0dv 1/0u ow 1/0v du
W 25(5_5) P Wy ZE(E_E); We zi(ﬂ_@>
1/0v Jdu dv du
w30 5) """ way
v du . . . . )
™ =0; @ =0 - 0=0 There exits velocity potential. Therefore, the flow is irrotational. Hence,
09 a9
u= a,v = @

00, = udx - faa)l = f —2axdx - @; = —ax?+ ¢,

00, = vdy — fao)z = f —2aydy - 0, =ay*+c,

®=®1+®2 - ®=a(y2—x2)+c

c-

oy Y

U—E,V——a

fawl = ]uay —>f61,l}1 = J—Zaxay - Y, = —-2axy + ¢,

falpz = ]—vax —>fdl/)2 = J—Zayax -1, = —2axy +c,

Y=y, +¢, >y =-2axy+c

d_
For a=1, M(1,1)
u=-2m/s;v=2m/s -V =,(-2)2+(2)?

V=2V2m/s
du Ou ou Ju
ax=E=E+ua+v5 - a, =-2(—2a)+2(0) +0 - a, =4m/s?
_dv_ 0v ov

ov
ay—E—E+u£+v@ - a,=-2(0)+2Q2y)+0 - a, =4m/s?

a= [(a,)*+ (oty)2 sa=+4)?2+4)? - a=4/2m/s?

Question 6: The velocity components for a two-dimensional (2D) incompressible flow on the (x-y) plane is given as
u=-X, v=Yy.

a- Find the stream function for this flow.

b- Is there a velocity potential for this function? If so, find the velocity potential function.
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c- For this flow, find the discharge per unit width that passes from a line or a curvature which connects the points A(-1,1)
and B(-2,3).

Solution 6:
u=-x,v=y

a_

0y 0y
Uu=—,v=——

dy dx

oY = —xdy - f@l/): f—x@y Y =—xy+c

oY = —ydy - f0¢= f—yay S Y, =—xy+c

Y=y +yY,=—xy+c - Y =—xy+c=sabit

b-
We have to satisfy irrotationality condition. @ = @(x, y,t)
1(av au) 0 irrotationality conditi
w, = =|=————=—| = 0 irrotationality condition
Z 2\0x 0y y

0w _ o, 0 _ 0 L 0-0=0.Th its velocity potential u = o> 00
_— [Je—} _——— = e d _— = . = —_— = —_—
I = 9% 0 ere exits velocity potential u = ——, v 3y

x2
J-G(D: f—xax —>(2)1=—?+c1
2

f6(2)= fyay —>(Z)2=—y7+c2

1
®:®1+®2 - ®=E(y2—x2)+c

c-
A(-11) >, =—-1(-1)(1) =1
B(=23) »yYp=-1(-2)3) =6

T

w=6 3

=]

B
q=f dp —q=Ps—p >q=(6—11->q=5m/s.m

Question 7: The stream function of a two-dimensional (2D) ideal and incompressible flow is given as Y =-2ax y.

a- Is such a flow physically possible?
b- Is there a velocity potential for this function ? If so, find the velocity potential function.
c- For a=1, find the resultant velocity and acceleration and their components at point N(1,1).

d- Draw the flow net.
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Solution 7:

a_

Y
u= 5 = —2ax
oy

v= Ty 2ay
ou + o _ Isit t?
o ay—o S it correct?

—2a + 2a = 0 satisfies the continuity equation and is physically possible.

b-
1(av au) 0 L (0= 0) = 0 irrotational (existing velocity potential)
==|l— ) = - = — — =
w: =255 3y w; = irrotational (existing velocity potentia
o0
u=a—>8®=—2ax6x —>f6®=f—2ax6x—>®1=—ax2+cl
a9 5
v=@—>6®=2ay6y—> 00 = | 2aydy — 0, = ay” +c,

®:®1+®2 - ®=a(y2—x2)+c

c-

a=1=constantand N(1,1) nu=—-2vev=2 -V =/(w?) + @?2) -V =(-22)+(22) -V =2V/2m/s

Ju ov

a, = ua+ v@ - a,=(-2)(-2)+ (2)(0) - a, = 4m/s?
Jv ov

a, = ua+ v@ - a, =(=2)(0)+ (2)(2) - a, =4m/s?

a=_[(a)?*+ (ay)z sa=4)?2+@4)? sa=4V2m/s

Let Y = —4a
—2axy = —4a

2
xy=2 ->y= %
—2axy = —8a
xy =4

2| A
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Question 8: A two-dimensional (2D) flow is given with components U = 4 Yy, V= 4x.

a- Draw the streamlines of this flow.
b-  Calculate the acceleration components at point x=1, y=1.
c-  Find the stream function and the potential function of this flow (if there is one).

Solution 8:

W=stream line

.
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a_
Acceleration components at point x=1 ve y=1
du dv du du du v v du v

=u— — 4 — —=0—=4,—=4;,—=0,—=0,—=0
e PR VA T M A P A T T

a,=(4)(0)+(4)4) +0 - a, = 16m/s?
_ 6v+ av+av
b= Ty T o

a, =@+ @D(0)+0 - a, =16m/s?

Resultant accelerationa = _|(a,)? + (ay)2 - a=+(16)2+ (16)2 - a = 16V2 m/s?

b-

u=%—>f61p=fu6y—>J61/)=J4y6y > =2y 4+ ¢

v=—%—>f61/}= f—vax —>J61/)=J—4x6x >, =—-2x%+¢,

b=+, > P =2y "+ +(=2x) + ¢,
Y =2(y*—x%) +c stream function

1/0v Ju 1 o ) )
(— - —) =0 - w, = 3 (4 — 4) = 0 existing velocity potential.

Wz =5\ dy
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u=%—>f6(b=fu6x—>fa(?)=J-xax—>®1=4xy+cl

d
v=£—> faq): fvay—’ f3®= f4x6y—>®2=4xy+cz

P=0,+0, > D=4xy +c;, +4xy + ¢,
@ = 4xy + ¢ potential function.

Question 9: Velocity components of an incompressible liquid are as follows.
2

u=kx(y+z) , v=ky(x+z) , w=-kz(x+y)-z

a- What should be the “k” for the given velocity field to correspond to a possible velocity field of a fluid?
b- Is the flow steady (permanent)? Why?

c- Is the flow uniform? Why?

d- Is the flow rotational? Why?

e- Calculate the components of the rotation vector at point (1, -1, 1).

Solution 9:
a- What should be the “k” for the given velocity field to correspond to a possible velocity field of a fluid? It has to satisfy
continuity equation.
dv Jw _

nichis 2447 0
which is —— oyt oz "

ky+z2)+k(x+2)—k(x+y)=0
ky+z+x+z—2z—-y)—2z=0
2zk —2z=0 - 2zk = 2z

k=1.

b-
If the flow is independent of time, then STEADY-STATE (PERMENANT) flow exists.
Ju Jv ow ] ) ]
Frin 0; Frin 0; Fri 0 When the velocity components of the flow are independent of t (time)

the flow is steady — state (permant).

c-
The flow is uniform if its characteristics are the same along the flow Z—Z =0if Z_Z =0.
du ]
Fri k(y + z); varying
dv )
@ = k(x + z); varying
aw
— = —k(x +y) — 2z; varying
0z
The flow is not uniform.

1/0v Ju
we =33~ 3) =0

1/0u ow o )

If w, = E(E - a) = 0 it is irrotational flow
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1
w =3 y—-x)#0
1 .
wy, = E(x + z) # 0 rotational flow.

1
wzzz(—z—y):#O

e-

1
w,=5(-1-1)=~1

1
wy=5(1+1D=1

1
w,=5(-1+1) =0

Question 10: If the vertical velocity component of a two-dimensional water jet hitting a horizontal plate is proportional to the distance

to the plate, find the stream function that defines the flow field.

Solution 10:
y
w=0
AAAAAAAAAAAAAAAAAAAAAAAAAAAA X
ov

If we observe the graph: it could be writtenas v = —ky or 5 =—k
Moreover, according to the continuity equation:
du N dv 0
ax ay

Jv
ou = —@dx s> |du=—|(-k)dx >u=kx+c

As a boundary condition, because of symmetry, if we take u=0 for x=0, we will end up c=0.

Since the exact differential of stream line is

0 4]
dy = %dx + %dy - dy = —vdx + udy if we plu in the values of u and v we will have:

dy = kydx + kxdy — dy = k(ydx + xdy) integrating both sides,
L'tbecomesfdlp=fkydx+fxdy - Y=kxy+c.

The appearance of the streamlines:

Since y=constant along a streamline, from the last expression we get,
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constan

t
y= T According to this expression, the streamlines are hyperbolic. Besides, for the streamlines along x and y axis, it becomes

x=0, y=0.

Question 11: The velocity field of an incompressible fluid in a planar flow is:
U=3x*-3y° and V=-6XYy
a- Show whether the flow is irrotational.
b-  Write the resultant acceleration and their components at point M(x,y). Find the resultant acceleration at point A(1,1).

Solution 11:
a- It hasto be:

wy=1(2 )
z 7 2\ox oay)

1
w, = E(—6y — (=6y)) = 0 The flow is irrotational.

Ju Ju Odu 5 ) 5 5
a, =ua+v@+a - a, = (3x* — 3y?)(6x) + (—6xy)(—6y) — a, = 18x(x* + y*)
Jv v dv ) ) 5 5
a, =ua+va+a - a, = (3x* = 3y*)(6y) + (—6xy)(—6x) — a, = 18y(x* +y*)
b-

a, = 18(D((1%*+ (1)?) - a, = 36m/s?
a, =18(1((*+ (1 - a, =36m/s*

a=+/(36)2+ (36)2 - a=36V2m/s?

Question 12: The velocity field of a two-dimensional (2D) flow is given as:
u:(2xy+t2) , v:(xz—y2+10t)

a- Is such a flow physically possible?

b- Is the flow steady (permanent)?

c- Is there a velocity potential for this function? If so, find out the velocity potential function.
d- Find the stream function of this flow.

e- In this flow field, find the resultant velocity and acceleration and their components at point A(1,1) at time t=1.

Solution 12:

a- Ithastobe:
du OJv
% + @ =0
2y — 2y = 0 physically possible.

b-

Since there are terms dependent of t (time) in the equations of the velocity components of the flow, the flow is not steady-state (not

permanent).

Ju ou
ET =2t#+0 Fr =10 # 0 so it is not permenant.

c-

10



Faculty of Civil Engineering
Department of Civil Engineering
Hydraulics and Water Resources Division

SOLUTIONS

—— —) - w, = (2x — 2y) = 0 existing velocity potential.

Wy

_ 1(617 Jdu

~ 2 \ox dy

09
u=—"- faw:fuax - f6®=f(2xy+t2)6x - @ =x*y+t’y+ ¢

50 1
v=5 " fa(z):fvay - f@@zf(x2+y2+10t)6y - (Z)zzxzy—§y3+10ty+c2

1
p=0,+0, - ®=x2y—§y3+t(tx+10y)+c

d-

uzg—;l:ﬁfalpz fuayafawz f(ny+t2)8y

,,=_‘;_'£_>fazp=f—vaxefalp=f—(x2—y2

3

SY, =xy?+tiy+ ¢

+10t)dx - Y,

x
Y=y, +¢P, - 1[)=xy2+t2y+cl—?+xy2—10tx+cz

3
x
1p=—?+xy2+t(ty—10x)+c

e-
Ju Ju )
Frin 2t ot=1 - Fria 2 local acceleration
Z—: =10 - local acceleration
Ju Ju
a=2x -x=1- a=2
Ju Ju } .
E =2y »y=1-> @ =2 convective acceleration
dv av
a=2x ->x=1- £=2
dv av
@=—2y »y=1-> @:—
du OJu du u 5
a, =E=E+ua+v@ - a,=2+3)2)+(10)(2) - a, =28m/s

_dv_6v+ v
Y= T T Y ax T Vay

a=+(28)2+ (—4)2 > a=28.28m/s?

Question 13: The velocity components of an ideal fluid in a two-dimensional (2D) flow are given as:

u=16y-12x , v=12y-9x
For this flow:

a- Show whether the flow steady (permanent) or not.

b- Determine whether such a flow is physically possible or not.

c- Examine whether a velocity potential exists or not?

d- Find the stream function and find the equation of a streamline that passes through the point which has coordinates x=1,

y=2.

LN ay =10+ (3)(2) + (10)(-2) - a, = —4m/s?

11

Fluid Mechanics
Application —VIII

3
x 2
=——+xy°—10tx + ¢,
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e- Isit possible to determine the equation of equi-potential lines? Explain why.

f-  Explain where the Bernoulli equation is valid for this flow.

Solution 13:
a-

. . : ou v
If the flow is permanent, it has to satisfy Py 0, P 0

. X i u av .
Since the u and v are independent of t (time) 3% = 0and ETS = (. Therefore, the flow is permanent.

b-

v

i . ou
For such a flow to exist Physically, P + e =0.

Ju
P
ov
@ =
Ju OJdv

—+— —-12+12 =
6x+6y_> + 0

Therefore, it is possible to have this flow physically.

-12

12

c-

1(0v Odu . i i
=3 (a - 5) = 0 - Existing velocity potential.

1/0v Ou 1 ) ) )
w, == (— - —) =0-> w, = 3 (=9 —16) # 0 No velocity potential exists.

Function of the streamline:

a
——¢—> o = fuay—>]61p= J(16y—12x)0y >, =8y —12xy + ¢4

u—ay

o 9x?
v=—a—>f61/)= f—vax ef@lﬂ:f—(uy—‘)x)ax _’1/)2=12Xy—7+c2
2

9x
Y=9+¢, - 1p=8y2—12xy+cl+12xy—7+c2

9
1/)=8y2—5x2+c

e- It cannot be determined. Because velocity potential does not exist.

f-  Since the flow is irrotational, the BERNOULLI equation is only valid along a streamline.

12



