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Question 1: There exists an incompressible, ideal and permanent (steady) flow of water in the reservoir-pipe system as shown in the 

figure given below. Water is poured into the atmosphere from a horizontal pipe ABC. Taking the absolute atmospheric pressure as 9.81 

N/cm2 and absolute vapor pressure as 0.23 N/cm2: 

a- Calculate the discharge of the system. 

b- Without changing the discharge and letting the water evaporate, find the possible minimum value for the diameter of pipe B. 

c- Draw the hydraulic and energy grade lines of the system. 

d- Find the force that the flow exerts on the narrowing and expanding sections of the pipe choosing the control volume between 

cross-sections (I-I) and (II-II). 

 

Solution 1:  

If we write the BERNOULLI equation between O and C,  

 

𝑍0 +
𝑝0

𝛾
+

𝑣0
2

2𝑔
= 𝑍𝐸 +

𝑝𝐸

𝛾
+

𝑣𝐸
2

2𝑔
 

1 + 0 + 0 = 0 + 0 +
𝑣𝐸

2

2𝑔
→  𝑣𝐸

2 = 2𝑔 → 𝑣𝐸 = √19.62  →  𝑣𝐸 = 4.42 𝑚 𝑠⁄  

𝑄 = 𝑣𝐸𝑥𝐴𝐸 → 𝑄 = 4.42𝑥
(0.2)2𝜋

4
 → 𝑄 = 0.14 𝑚3/𝑠 

If we write the BERNOULLI equation between B and C,  

 

𝑍𝐵 +
(𝑝𝐵)𝑚

𝛾
+

𝑣𝐵
2

2𝑔
= 𝑍𝐶 +

𝑝𝐶

𝛾
+

𝑣𝐶
2

2𝑔
 

0 + 0.23 +
𝑣𝐵

2

2𝑔
= 0 + 10 +

(4.42)2

19.62
 →  𝑣𝐵

2 =  → 𝑣𝐵 = √211.30  →  𝑣𝐵 = 14.54 𝑚 𝑠⁄  

 𝑄 = 𝑣𝐵𝑥𝐴𝐵 → 0.14 = 14.54𝑥
(𝑑𝑚𝑖𝑛)2𝜋

4
 → 𝑑𝑚𝑖𝑛 = 0.14 𝑚 
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Question 2: The velocity distribution on the cross-section of a pipe of 10 cm diameter is given in metric units as 

 2 2400U R r  . Find the maximum velocity on the axis, discharge of the pipe and average velocity in the pipe. 

 

 

 

Solution 2:  

R=10 cm  

 

𝑈 = 400(𝑅2 − 𝑟2) 

𝑈𝑚𝑎𝑥 =? ; 𝑄 =? ;  𝑉 =? 

𝐹𝑜𝑟 𝑈𝑚𝑎𝑥  𝑟 𝑠ℎ𝑜𝑢𝑙𝑑 𝑏𝑒 𝑧𝑒𝑟𝑜 𝑟 = 0  

𝑈𝑚𝑎𝑥 = 400((0.1)2 − 02) = 4 𝑚 𝑠⁄  

𝑄 = ∫ 𝑢𝑑𝐴 ; 𝐴 = 𝜋𝑟2 ; 𝑑𝐴 = 2𝜋𝑟𝑑𝑟 
𝐴

 

𝑄 = ∫ 𝑢2𝜋𝑟𝑑𝑟 → 𝑄 = 2𝜋 ∫ 400((0.1)2 − 02)𝑟𝑑𝑟
0.1

0

𝑅

0

 

𝑄 = 2𝜋 ∫ 400𝑟(0.1)2𝑑𝑟 − 2𝜋 ∫ 400𝑟3𝑑𝑟 → 𝑄 = 0.0628 𝑚3 𝑠⁄  
0.1

0

0.1

0

 

𝑉 =
0.0628

𝜋(0.1)2
 → 𝑉 = 2 𝑚 𝑠⁄  

 

Question 3: Horizontal velocity measurements made by a pitot tube along a vertical line in the mid-sections of a wide channel is shown 

below. Calculate the channel’s discharge per unit width and its average discharge. 

 

Solution 3:  

𝑞1 = 𝑣1𝐴1  →  𝑞1 = 1.60𝑥(1𝑥0.5)  →  𝑞1 =
1.6

2
𝑚3 𝑠⁄ . 𝑚 

𝑞2 = 𝑣2𝐴2  →  𝑞2 = 2.50𝑥(1𝑥0.5)  →  𝑞2 =
2.50

2
𝑚3 𝑠⁄ . 𝑚 

𝑞 =
1

2
(1.60 + 2.50 + 3.10 + 3.40 + 3.50 + 3.10)  → 𝑞 = 8.6 𝑚3 𝑠⁄ . 𝑚 

𝑉𝑎𝑣𝑔 =
𝑞𝑡

𝐴𝑡

 →   𝑉𝑜𝑟𝑡 =
8.6

1𝑥3
 → 𝑉𝑜𝑟𝑡 = 2.87 𝑚/𝑠 

 

Question 4: A water jet flowing through a horizontal elbow shown in the figure given below is poured into the atmosphere. Average 

flow velocity at cross-section (1) is v1=2 m/s and gage pressure is p1=19.62 N/cm2. With the assumptions of ideal and incompressible 

fluid and taking absolute atmospheric as 9.81 N/cm2: 

a- Find the energy loss at the elbow. 

 
r 2R 

 

3.10 
3.50 
3.40 
3.10 
2.50 

1.6 (m/s) 

(cm) 
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b- Find the x,y components of the force that the flow exerts on the elbow. 

  

 

Solution 4:  

 

𝑣1 = 2 𝑚 𝑠⁄ ; 𝑝1 = 19.62 𝑁 𝑐𝑚2⁄ ; 𝑝0 = 9.81 𝑁/𝑐𝑚2 

a-  

 𝑄 = 2
𝜋(0.3)2

4
 → 𝑄 = 0.1414𝑚3 𝑠⁄  

 𝑣2 =
0.1414

𝜋(0.15)2  →  𝑣2 = 8 𝑚 𝑠⁄  

 
𝑣1

2

2𝑔
+

𝑝1

𝛾
+ 𝑧1 =

𝑣2
2

2𝑔
+

𝑝2

𝛾
+ 𝑧2 + ℎ𝑘  

 
22

19.62
+ 20 =

82

19.62
+ ℎ𝑘  →  ℎ𝑘 = 16.94 𝑚 

 

b-  

𝑝1𝐴1 = 196.2
𝜋 (0.3)2

4
= 13.87 𝑘𝑁 

 𝜌𝑄𝑣1 =
9.81𝑥1000

9.81
𝑥0.1414𝑥2 = 0.28 𝑘𝑁 

𝜌𝑄𝑣2 =
9.81𝑥1000

9.81
𝑥0.1414𝑥8 = 1.13 𝑘𝑁 

∑ 𝐹𝑥𝑖 = 𝑝1𝐴1 + 𝜌𝑄𝑣1 + 𝜌𝑄𝑣2 − 𝑅𝑥 = 0 

𝑅𝑥 = 13.87 + 0.28 + 1.13 →  𝑅𝑥 = 15.28 𝑘𝑁  

 𝑅𝑥 =  −15.28 𝑘𝑁 

 

Question 5: Velocity components of an ideal and incompressible fluid in a two-dimensional flow (2D) is given as  

 2u a x  ,   2v a y    (a=constant ). 

a- Is such a flow physically possible? 

b- Is there a velocity potential for this function? If so, find the velocity potential function. 

c- Find the stream function for this flow. 

d- For a=1, find the resultant velocity and acceleration and their components at point M(1,1).  

 

Solution 5:  

𝑢 = −2𝑎𝑥;   𝑣 = 2𝑎𝑦 

a-  

𝐼𝑡 ℎ𝑎𝑠 𝑡𝑜 𝑏𝑒 
𝜕𝑢

𝜕𝑥
+

𝜕𝑣

𝜕𝑦
= 0 

𝜕𝑢

𝜕𝑥
= −2𝑎 

 

 

  

x 

y 

1 

0.3 m 

0.15 m 
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𝜕𝑣

𝜕𝑦
= 2𝑎 

𝜕𝑢

𝜕𝑥
+

𝜕𝑣

𝜕𝑦
= 0 → −2𝑎 + 2𝑎 = 0 → 𝐹𝑙𝑜𝑤 𝑖𝑠 𝑝ℎ𝑦𝑠𝑖𝑐𝑎𝑙𝑙𝑦 𝑝𝑜𝑠𝑠𝑖𝑏𝑙𝑒. 

 

b-  

𝑤𝑥 =
1

2
(

𝜕𝑤

𝜕𝑦
−

𝜕𝑣

𝜕𝑥
) ;  𝑤𝑦 =

1

2
(

𝜕𝑢

𝜕𝑧
−

𝜕𝑤

𝜕𝑥
) ; 𝑤𝑧 =

1

2
(

𝜕𝑣

𝜕𝑥
−

𝜕𝑢

𝜕𝑦
) 

 𝑤𝑧 =
1

2
(

𝜕𝑣

𝜕𝑥
−

𝜕𝑢

𝜕𝑦
) = 0 →    

𝜕𝑣

𝜕𝑥
=

𝜕𝑢

𝜕𝑦
 

𝜕𝑣

𝜕𝑥
= 0; 

𝜕𝑢

𝜕𝑦
= 0 → 0 = 0   𝑇ℎ𝑒𝑟𝑒 𝑒𝑥𝑖𝑡𝑠 𝑣𝑒𝑙𝑜𝑐𝑖𝑡𝑦 𝑝𝑜𝑡𝑒𝑛𝑡𝑖𝑎𝑙. 𝑇ℎ𝑒𝑟𝑒𝑓𝑜𝑟𝑒, 𝑡ℎ𝑒 𝑓𝑙𝑜𝑤 𝑖𝑠 𝑖𝑟𝑟𝑜𝑡𝑎𝑡𝑖𝑜𝑛𝑎𝑙.  𝐻𝑒𝑛𝑐𝑒, 

𝑢 =
𝜕∅

𝜕𝑥
, 𝑣 =  

𝜕∅

𝜕𝑦
 

𝜕∅1 = 𝑢𝜕𝑥 →  ∫ 𝜕∅1 = ∫ −2𝑎𝑥𝜕𝑥 →  ∅1 = −𝑎𝑥2 + 𝑐1 

𝜕∅2 = 𝑣𝜕𝑦 →  ∫ 𝜕∅2 = ∫ −2𝑎𝑦𝜕𝑦 →  ∅2 = 𝑎𝑦2 + 𝑐2 

∅ = ∅1 + ∅2  →  ∅ = 𝑎(𝑦2 − 𝑥2) + 𝑐 

 

c-  

𝑢 =
𝜕𝜓

𝜕𝑦
, 𝑣 = −

𝜕𝜓

𝜕𝑥
 

∫ 𝜕𝜓1 =  ∫ 𝑢 𝜕𝑦 → ∫ 𝜕𝜓1 =  ∫ −2𝑎𝑥 𝜕𝑦  → 𝜓1 = −2𝑎𝑥𝑦 + 𝑐1 

∫ 𝜕𝜓2 =  ∫ −𝑣 𝜕𝑥 → ∫ 𝜕𝜓2 =  ∫ −2𝑎𝑦 𝜕𝑥  → 𝜓2 = −2𝑎𝑥𝑦 + 𝑐2 

𝜓 = 𝜓1 + 𝜓2 → 𝜓 = −2𝑎𝑥𝑦 + 𝑐 

 

d-  

For  a=1,  M(1,1) 

𝑢 = −2 𝑚 𝑠⁄ ; 𝑣 = 2 𝑚 𝑠⁄  → 𝑉 = √(−2)2 + (2)2 

𝑉 = 2√2 𝑚/𝑠 

𝑎𝑥 =
𝑑𝑢

𝑑𝑡
=

𝜕𝑢

𝜕𝑡
+ 𝑢

𝜕𝑢

𝜕𝑥
+ 𝑣

𝜕𝑢

𝜕𝑦
 →  𝑎𝑥 = −2(−2𝑎) + 2(0) + 0 →  𝑎𝑥 = 4 𝑚/𝑠2 

𝑎𝑦 =
𝑑𝑣

𝑑𝑡
=

𝜕𝑣

𝜕𝑡
+ 𝑢

𝜕𝑣

𝜕𝑥
+ 𝑣

𝜕𝑣

𝜕𝑦
 →  𝑎𝑦 = −2(0) + 2(2𝑦) + 0 →  𝑎𝑦 = 4 𝑚/𝑠2 

𝑎 = √(𝑎𝑥)2 + (𝑎𝑦)
2

 → 𝑎 = √(4)2 + (4)2  → 𝑎 = 4√2 𝑚/𝑠2 

 

Question 6: The velocity components for a two-dimensional (2D) incompressible flow on the (x-y) plane is given as        

,u x v y   . 

a- Find the stream function for this flow. 

b- Is there a velocity potential for this function? If so, find the velocity potential function. 
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c- For this flow, find the discharge per unit width that passes from a line or a curvature which connects the points A(-1,1) 

and B(-2,3). 

Solution 6:  

𝑢 = −𝑥, 𝑣 = 𝑦 

a-  

𝑢 =
𝜕𝜓

𝜕𝑦
, 𝑣 = −

𝜕𝜓

𝜕𝑥
 

𝜕𝜓 = −𝑥𝜕𝑦 →  ∫ 𝜕𝜓 =  ∫ −𝑥𝜕𝑦 → 𝜓1 = −𝑥𝑦 + 𝑐1 

𝜕𝜓 = −𝑦𝜕𝑦 →  ∫ 𝜕𝜓 =  ∫ −𝑦𝜕𝑦 → 𝜓2 = −𝑥𝑦 + 𝑐2 

𝜓 = 𝜓1 + 𝜓2 = −𝑥𝑦 + 𝑐 →  𝜓 = −𝑥𝑦 + 𝑐 = 𝑠𝑎𝑏𝑖𝑡 

 

b-  

We have to satisfy irrotationality condition. ∅ = ∅(𝑥, 𝑦, 𝑡)  

𝑤𝑧 =
1

2
(

𝜕𝑣

𝜕𝑥
−

𝜕𝑢

𝜕𝑦
) = 0 𝑖𝑟𝑟𝑜𝑡𝑎𝑡𝑖𝑜𝑛𝑎𝑙𝑖𝑡𝑦 𝑐𝑜𝑛𝑑𝑖𝑡𝑖𝑜𝑛  

𝜕𝑣

𝜕𝑥
= 0; 

𝜕𝑢

𝜕𝑢
= 0 →

𝜕𝑣

𝜕𝑥
−

𝜕𝑢

𝜕𝑢
= 0 → 0 − 0 = 0. 𝑇ℎ𝑒𝑟𝑒 𝑒𝑥𝑖𝑡𝑠 𝑣𝑒𝑙𝑜𝑐𝑖𝑡𝑦 𝑝𝑜𝑡𝑒𝑛𝑡𝑖𝑎𝑙 𝑢 =

𝜕∅

𝜕𝑥
, 𝑣 =

𝜕∅

𝜕𝑦
 

∫ 𝜕∅ =  ∫ −𝑥𝜕𝑥  → ∅1 = −
𝑥2

2
+ 𝑐1 

∫ 𝜕∅ =  ∫ 𝑦𝜕𝑦  → ∅2 = −
𝑦2

2
+ 𝑐2 

∅ = ∅1 + ∅2  →  ∅ =
1

2
(𝑦2 − 𝑥2) + 𝑐 

c-  

𝐴(−1,1)  → 𝜓𝐴 = −1(−1)(1) = 1 

𝐵(−2,3)  → 𝜓𝐵 = −1(−2)(3) = 6  

 

𝑞 = ∫ 𝑑𝜓 
𝐵

𝐴

→ 𝑞 = 𝜓𝐴 − 𝜓𝐵  → 𝑞 = (6 − 1)1 → 𝑞 = 5𝑚3 𝑠⁄ . 𝑚  

 

Question 7: The stream function of a two-dimensional (2D) ideal and incompressible flow is given as  2a x y   . 

a- Is such a flow physically possible? 

b- Is there a velocity potential for this function ? If so, find the velocity potential function. 

c- For a=1, find the resultant velocity and acceleration and their components at point N(1,1).  

d- Draw the flow net. 

 

 

x 

Ψ=6 

Ψ=1 
. 

A 

. 

y 

B 

-1 -2 

1 
3 
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Solution 7:  

a-  

𝑢 =
𝜕𝜓

𝜕𝑦
= −2𝑎𝑥 

𝑣 = −
𝜕𝜓

𝜕𝑥
= 2𝑎𝑦 

𝜕𝑢

𝜕𝑥
+

𝜕𝑣

𝜕𝑦
= 𝑜 𝐼𝑠 𝑖𝑡 𝑐𝑜𝑟𝑟𝑒𝑐𝑡? 

−2𝑎 + 2𝑎 = 0 𝑠𝑎𝑡𝑖𝑠𝑓𝑖𝑒𝑠 𝑡ℎ𝑒 𝑐𝑜𝑛𝑡𝑖𝑛𝑢𝑖𝑡𝑦 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑎𝑛𝑑 𝑖𝑠 𝑝ℎ𝑦𝑠𝑖𝑐𝑎𝑙𝑙𝑦 𝑝𝑜𝑠𝑠𝑖𝑏𝑙𝑒. 

 

b-  

𝑤𝑧 =
1

2
(

𝜕𝑣

𝜕𝑥
−

𝜕𝑢

𝜕𝑦
) = 0 →  𝑤𝑧 =

1

2
(0 − 0) = 0 𝑖𝑟𝑟𝑜𝑡𝑎𝑡𝑖𝑜𝑛𝑎𝑙 (𝑒𝑥𝑖𝑠𝑡𝑖𝑛𝑔 𝑣𝑒𝑙𝑜𝑐𝑖𝑡𝑦 𝑝𝑜𝑡𝑒𝑛𝑡𝑖𝑎𝑙) 

𝑢 =
𝜕∅

𝜕𝑥
 →  𝜕∅ = −2𝑎𝑥𝜕𝑥 → ∫ 𝜕∅ = ∫ −2𝑎𝑥𝜕𝑥  →  ∅1 = −𝑎𝑥2 + 𝑐1 

𝑣 =
𝜕∅

𝜕𝑦
 →  𝜕∅ = 2𝑎𝑦𝜕𝑦 → ∫ 𝜕∅ = ∫ 2𝑎𝑦𝜕𝑦  → ∅2 = 𝑎𝑦2 + 𝑐2 

∅ = ∅1 + ∅2  →  ∅ = 𝑎(𝑦2 − 𝑥2) + 𝑐 

 

c-  

𝑎 = 1 = 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡 𝑎𝑛𝑑 𝑁(1,1)  → 𝑢 = −2 𝑣𝑒 𝑣 = 2 → 𝑉 = √(𝑢2) + (𝑣2)  → 𝑉 = √(−22) + (22)  → 𝑉 = 2√2 𝑚/𝑠 

𝑎𝑥 = 𝑢
𝜕𝑢

𝜕𝑥
+ 𝑣

𝜕𝑣

𝜕𝑦
 →  𝑎𝑥 = (−2)(−2) + (2)(0)  →  𝑎𝑥 = 4 𝑚/𝑠2 

𝑎𝑦 = 𝑢
𝜕𝑣

𝜕𝑥
+ 𝑣

𝜕𝑣

𝜕𝑦
 →  𝑎𝑦 = (−2)(0) + (2)(2)  →  𝑎𝑦 = 4 𝑚/𝑠2 

𝑎 = √(𝑎𝑥)2 + (𝑎𝑦)
2

 → 𝑎 = √(4)2 + (4)2  → 𝑎 = 4√2 𝑚/𝑠 

 

d-  

𝐿𝑒𝑡 𝜓 = −4𝑎  

−2𝑎𝑥𝑦 = −4𝑎 

𝑥𝑦 = 2 → 𝑦 =
2

𝑥
 

−2𝑎𝑥𝑦 = −8𝑎 

𝑥𝑦 = 4 

𝑦 =
4

𝑥
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Question 8: A two-dimensional (2D) flow is given with components 4 , 4u y v x  . 

a- Draw the streamlines of this flow. 

b- Calculate the acceleration components at point x=1, y=1. 

c- Find the stream function and the potential function of this flow (if there is one). 

 

Solution 8:  

a- 

 

a-  

Acceleration components at point x=1 ve y=1  

𝑎𝑥 = 𝑢
𝜕𝑢

𝜕𝑥
+ 𝑣

𝜕𝑣

𝜕𝑦
+

𝜕𝑢

𝜕𝑡
 →  

𝜕𝑢

𝜕𝑥
= 0;

𝜕𝑢

𝜕𝑦
= 4;

𝜕𝑣

𝜕𝑥
= 4;

𝜕𝑣

𝜕𝑦
= 0;

𝜕𝑢

𝜕𝑡
= 0;

𝜕𝑣

𝜕𝑡
= 0 

𝑎𝑥 = (4)(0) + (4)(4) + 0 →  𝑎𝑥 = 16𝑚 𝑠2⁄  

 𝑎𝑦 = 𝑢
𝜕𝑣

𝜕𝑥
+ 𝑣

𝜕𝑣

𝜕𝑦
+

𝜕𝑣

𝜕𝑡
 

𝑎𝑦 = (4)(4) + (4)(0) + 0 →  𝑎𝑦 = 16 𝑚/𝑠2 

𝑅𝑒𝑠𝑢𝑙𝑡𝑎𝑛𝑡 𝑎𝑐𝑐𝑒𝑙𝑒𝑟𝑎𝑡𝑖𝑜𝑛 𝑎 = √(𝑎𝑥)2 + (𝑎𝑦)
2

 →  𝑎 = √(16)2 + (16)2  → 𝑎 = 16√2 𝑚/𝑠2 

 

b-  

𝑢 =
𝜕𝜓

𝜕𝑦
→  ∫ 𝜕𝜓 =  ∫ 𝑢𝜕𝑦 →  ∫ 𝜕𝜓 =  ∫ 4𝑦𝜕𝑦 → 𝜓1 = 2𝑦2 + 𝑐1 

𝑣 = −
𝜕𝜓

𝜕𝑥
→  ∫ 𝜕𝜓 =  ∫ −𝑣𝜕𝑥 →  ∫ 𝜕𝜓 =  ∫ −4𝑥𝜕𝑥 → 𝜓2 = −2𝑥2 + 𝑐2 

𝜓 = 𝜓1 + 𝜓2  →  𝜓 = 2𝑦2 + 𝑐1 + (−2𝑥2) + 𝑐2 

𝜓 = 2(𝑦2 − 𝑥2) + 𝑐    𝑠𝑡𝑟𝑒𝑎𝑚 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛 

𝑤𝑧 =
1

2
(

𝜕𝑣

𝜕𝑥
−

𝜕𝑢

𝜕𝑦
) = 0 →  𝑤𝑧 =

1

2
(4 − 4) = 0  𝑒𝑥𝑖𝑠𝑡𝑖𝑛𝑔 𝑣𝑒𝑙𝑜𝑐𝑖𝑡𝑦 𝑝𝑜𝑡𝑒𝑛𝑡𝑖𝑎𝑙. 

 

x 
Ψ=-4a 

A . 

y 

2 

1 

Ψ=-8a 
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𝑢 =
𝜕∅

𝜕𝑥
→  ∫ 𝜕∅ =  ∫ 𝑢𝜕𝑥 →  ∫ 𝜕∅ =  ∫ 𝑥𝜕𝑥 → ∅1 = 4𝑥𝑦 + 𝑐1 

𝑣 =
𝜕∅

𝜕𝑦
→  ∫ 𝜕∅ =  ∫ 𝑣𝜕𝑦 →  ∫ 𝜕∅ =  ∫ 4𝑥𝜕𝑦 → ∅2 = 4𝑥𝑦 + 𝑐2 

∅ = ∅1 + ∅2  →  ∅ = 4𝑥𝑦 + 𝑐1 + 4𝑥𝑦 + 𝑐2 

∅ = 4𝑥𝑦 + 𝑐  𝑝𝑜𝑡𝑒𝑛𝑡𝑖𝑎𝑙 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛. 

 

Question 9: Velocity components of an incompressible liquid are as follows. 

      2, ,u k x y z v k y x z w k z x y z         

a- What should be the “k” for the given velocity field to correspond to a possible velocity field of a fluid? 

b- Is the flow steady (permanent)? Why? 

c- Is the flow uniform? Why? 

d- Is the flow rotational? Why? 

e- Calculate the components of the rotation vector at point (1, -1, 1). 

 

Solution 9:  

a- What should be the “k” for the given velocity field to correspond to a possible velocity field of a fluid? It has to satisfy 

continuity equation. 

𝑤ℎ𝑖𝑐ℎ 𝑖𝑠  
𝜕𝑢

𝜕𝑥
+

𝜕𝑣

𝜕𝑦
+

𝜕𝑤

𝜕𝑧
= 0  

𝑘(𝑦 + 𝑧) + 𝑘(𝑥 + 𝑧) − 𝑘(𝑥 + 𝑦) = 0 

𝑘(𝑦 + 𝑧 + 𝑥 + 𝑧 − 𝑧 − 𝑦) − 2𝑧 = 0 

2𝑧𝑘 − 2𝑧 = 0 → 2𝑧𝑘 = 2𝑧 

𝑘 = 1 . 

  

b-  

If the flow is independent of time, then STEADY-STATE (PERMENANT) flow exists. 

𝜕𝑢

𝜕𝑡
= 0;

𝜕𝑣

𝜕𝑡
= 0;

𝜕𝑤

𝜕𝑡
= 0  𝑊ℎ𝑒𝑛 𝑡ℎ𝑒 𝑣𝑒𝑙𝑜𝑐𝑖𝑡𝑦 𝑐𝑜𝑚𝑝𝑜𝑛𝑒𝑛𝑡𝑠 𝑜𝑓 𝑡ℎ𝑒 𝑓𝑙𝑜𝑤 𝑎𝑟𝑒 𝑖𝑛𝑑𝑒𝑝𝑒𝑛𝑑𝑒𝑛𝑡 𝑜𝑓 𝑡 (𝑡𝑖𝑚𝑒) 

                                               𝑡ℎ𝑒 𝑓𝑙𝑜𝑤 𝑖𝑠 𝑠𝑡𝑒𝑎𝑑𝑦 − 𝑠𝑡𝑎𝑡𝑒 (𝑝𝑒𝑟𝑚𝑎𝑛𝑡). 

c-  

The flow is uniform if its characteristics are the same along the flow 
𝜕𝑣

𝜕𝑥
= 0 𝑖𝑓 

𝜕𝑝

𝜕𝑥
= 0 . 

𝜕𝑢

𝜕𝑥
= 𝑘(𝑦 + 𝑧); 𝑣𝑎𝑟𝑦𝑖𝑛𝑔 

𝜕𝑣

𝜕𝑦
= 𝑘(𝑥 + 𝑧); 𝑣𝑎𝑟𝑦𝑖𝑛𝑔 

𝜕𝑤

𝜕𝑧
= −𝑘(𝑥 + 𝑦) − 2𝑧; 𝑣𝑎𝑟𝑦𝑖𝑛𝑔 

The flow is not uniform. 

𝑤𝑧 =
1

2
(

𝜕𝑣

𝜕𝑥
−

𝜕𝑢

𝜕𝑦
) = 0 

𝐼𝑓 𝑤𝑦 =
1

2
(

𝜕𝑢

𝜕𝑧
−

𝜕𝑤

𝜕𝑥
) = 0  𝑖𝑡 𝑖𝑠 𝑖𝑟𝑟𝑜𝑡𝑎𝑡𝑖𝑜𝑛𝑎𝑙 𝑓𝑙𝑜𝑤 
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𝑤𝑥 =
1

2
(

𝜕𝑤

𝜕𝑦
−

𝜕𝑣

𝜕𝑧
) = 0 

d-  

𝑤𝑧 =
1

2
(𝑦 − 𝑥) ≠ 0 

𝑤𝑦 =
1

2
(𝑥 + 𝑧) ≠ 0  𝑟𝑜𝑡𝑎𝑡𝑖𝑜𝑛𝑎𝑙 𝑓𝑙𝑜𝑤. 

𝑤𝑧 =
1

2
(−𝑧 − 𝑦) ≠ 0 

    

e-   

𝑤𝑧 =
1

2
(−1 − 1) = −1 

𝑤𝑦 =
1

2
(1 + 1) = 1 

𝑤𝑧 =
1

2
(−1 + 1) = 0 

  

Question 10: If the vertical velocity component of a two-dimensional water jet hitting a horizontal plate is proportional to the distance 

to the plate, find the stream function that defines the flow field. 

 

Solution 10: 

 

If we observe the graph: it could be written as  𝑣 = −𝑘𝑦 or  
𝜕𝑣

𝜕𝑦
= −𝑘.     

Moreover, according to the continuity equation:  

𝜕𝑢

𝜕𝑥
+

𝜕𝑣

𝜕𝑦
= 0 , 

𝜕𝑢 = −
𝜕𝑣

𝜕𝑦
𝑑𝑥 → ∫ 𝜕𝑢 = − ∫(−𝑘)𝑑𝑥 → 𝑢 = 𝑘𝑥 + 𝑐 

 

As a boundary condition, because of symmetry, if we take u=0 for x=0, we will end up c=0. 

Since the exact differential of stream line is 

𝑑𝜓 =
𝜕𝜓

𝜕𝑥
𝑑𝑥 +

𝜕𝜓

𝜕𝑦
𝑑𝑦 → 𝑑𝜓 = −𝑣𝑑𝑥 + 𝑢𝑑𝑦 𝑖𝑓 𝑤𝑒 𝑝𝑙𝑢 𝑖𝑛 𝑡ℎ𝑒 𝑣𝑎𝑙𝑢𝑒𝑠 𝑜𝑓 𝑢 𝑎𝑛𝑑 𝑣 𝑤𝑒 𝑤𝑖𝑙𝑙 ℎ𝑎𝑣𝑒: 

𝑑𝜓 = 𝑘𝑦𝑑𝑥 + 𝑘𝑥𝑑𝑦 →  𝑑𝜓 = 𝑘(𝑦𝑑𝑥 + 𝑥𝑑𝑦) 𝑖𝑛𝑡𝑒𝑔𝑟𝑎𝑡𝑖𝑛𝑔 𝑏𝑜𝑡ℎ 𝑠𝑖𝑑𝑒𝑠, 

𝑖𝑡 𝑏𝑒𝑐𝑜𝑚𝑒𝑠 ∫ 𝑑𝜓 = ∫ 𝑘𝑦𝑑𝑥 + ∫ 𝑥𝑑𝑦  →  𝜓 = 𝑘𝑥𝑦 + 𝑐 . 

The appearance of the streamlines: 

Since ψ=constant along a streamline, from the last expression we get, 

 

Ψ=0 
x 

y 
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𝑦 =
𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡

𝑥
 According to this expression, the streamlines are hyperbolic. Besides, for the streamlines along x and y axis, it becomes 

x=0, y=0. 

 

 

Question 11: The velocity field of an incompressible fluid in a planar flow is: 

 
2 23 3u x y    and 6v x y   

a- Show whether the flow is irrotational. 

b- Write the resultant acceleration and their components at point M(x,y). Find the resultant acceleration at point A(1,1). 

Solution 11:  

a- It has to be: 

𝑤𝑧 =
1

2
(

𝜕𝑣

𝜕𝑥
−

𝜕𝑢

𝜕𝑦
) = 0  

𝑤𝑧 =
1

2
(−6𝑦 − (−6𝑦)) = 0  𝑇ℎ𝑒 𝑓𝑙𝑜𝑤 𝑖𝑠 𝑖𝑟𝑟𝑜𝑡𝑎𝑡𝑖𝑜𝑛𝑎𝑙. 

𝑎𝑥 = 𝑢
𝜕𝑢

𝜕𝑥
+ 𝑣

𝜕𝑢

𝜕𝑦
+

𝜕𝑢

𝜕𝑡
 →  𝑎𝑥 = (3𝑥2 − 3𝑦2)(6𝑥) + (−6𝑥𝑦)(−6𝑦)  →  𝑎𝑥 = 18𝑥(𝑥2 + 𝑦2) 

𝑎𝑦 = 𝑢
𝜕𝑣

𝜕𝑥
+ 𝑣

𝜕𝑣

𝜕𝑦
+

𝜕𝑣

𝜕𝑡
 →  𝑎𝑦 = (3𝑥2 − 3𝑦2)(6𝑦) + (−6𝑥𝑦)(−6𝑥)  →  𝑎𝑦 = 18𝑦(𝑥2 + 𝑦2) 

b-  

𝑎𝑥 = 18(1)((1)2 + (1)2)  →  𝑎𝑥 = 36 𝑚 𝑠2⁄  

𝑎𝑦 = 18(1)((1)2 + (1)2)  →  𝑎𝑦 = 36 𝑚 𝑠2⁄  

𝑎 = √(36)2 + (36)2  → 𝑎 = 36√2 𝑚/𝑠2 

 

Question 12: The velocity field of a two-dimensional (2D) flow is given as: 

    2 2 22 , 10u x y t v x y t        

a- Is such a flow physically possible? 

b- Is the flow steady (permanent)? 

c- Is there a velocity potential for this function? If so, find out the velocity potential function. 

d- Find the stream function of this flow. 

e- In this flow field, find the resultant velocity and acceleration and their components at point A(1,1) at time t=1. 

 

Solution 12:  

a- It has to be : 

𝜕𝑢

𝜕𝑥
+

𝜕𝑣

𝜕𝑦
= 0   

2𝑦 − 2𝑦 = 0  𝑝ℎ𝑦𝑠𝑖𝑐𝑎𝑙𝑙𝑦 𝑝𝑜𝑠𝑠𝑖𝑏𝑙𝑒. 

b-  

Since there are terms dependent of t (time) in the equations of the velocity components of the flow, the flow is not steady-state (not 

permanent). 

 

𝜕𝑢

𝜕𝑡
= 2𝑡 ≠ 0 ,

𝜕𝑢

𝜕𝑡
= 10 ≠ 0  𝑠𝑜 𝑖𝑡 𝑖𝑠 𝑛𝑜𝑡 𝑝𝑒𝑟𝑚𝑒𝑛𝑎𝑛𝑡. 

c-  
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𝑤𝑧 =
1

2
(

𝜕𝑣

𝜕𝑥
−

𝜕𝑢

𝜕𝑦
) →  𝑤𝑧 = (2𝑥 − 2𝑦) = 0  𝑒𝑥𝑖𝑠𝑡𝑖𝑛𝑔 𝑣𝑒𝑙𝑜𝑐𝑖𝑡𝑦 𝑝𝑜𝑡𝑒𝑛𝑡𝑖𝑎𝑙. 

𝑢 =
𝜕∅

𝜕𝑥
 →  ∫ 𝜕∅ = ∫ 𝑢𝜕𝑥  →  ∫ 𝜕∅ = ∫(2𝑥𝑦 + 𝑡2)𝜕𝑥  →  ∅1 = 𝑥2𝑦 + 𝑡2𝑦 + 𝑐1 

𝑣 =
𝜕∅

𝜕𝑦
 →  ∫ 𝜕∅ = ∫ 𝑣𝜕𝑦  →  ∫ 𝜕∅ = ∫(𝑥2 + 𝑦2 + 10𝑡)𝜕𝑦  →  ∅2 = 𝑥2𝑦 −

1

3
𝑦3 + 10𝑡𝑦 + 𝑐2 

∅ = ∅1 + ∅2  →  ∅ = 𝑥2𝑦 −
1

3
𝑦3 + 𝑡(𝑡𝑥 + 10𝑦) + 𝑐 

d-  

𝑢 =
𝜕𝜓

𝜕𝑦
→  ∫ 𝜕𝜓 =  ∫ 𝑢𝜕𝑦 →  ∫ 𝜕𝜓 =  ∫(2𝑥𝑦 + 𝑡2)𝜕𝑦 → 𝜓1 = 𝑥𝑦2 + 𝑡2𝑦 + 𝑐1 

𝑣 = −
𝜕𝜓

𝜕𝑥
→  ∫ 𝜕𝜓 =  ∫ −𝑣𝜕𝑥 →  ∫ 𝜕𝜓 =  ∫ −(𝑥2 − 𝑦2 + 10𝑡)𝜕𝑥 → 𝜓2 = −

𝑥3

3
+ 𝑥𝑦2 − 10𝑡𝑥 + 𝑐2 

𝜓 = 𝜓1 + 𝜓2  →  𝜓 = 𝑥𝑦2 + 𝑡2𝑦 + 𝑐1 −
𝑥3

3
+ 𝑥𝑦2 − 10𝑡𝑥 + 𝑐2 

𝜓 = −
𝑥3

3
+ 𝑥𝑦2 + 𝑡(𝑡𝑦 − 10𝑥) + 𝑐 

  

e-  

𝜕𝑢

𝜕𝑡
= 2𝑡 → 𝑡 = 1 →  

𝜕𝑢

𝜕𝑡
= 2 𝑙𝑜𝑐𝑎𝑙 𝑎𝑐𝑐𝑒𝑙𝑒𝑟𝑎𝑡𝑖𝑜𝑛 

𝜕𝑣

𝜕𝑡
= 10 → 𝑙𝑜𝑐𝑎𝑙 𝑎𝑐𝑐𝑒𝑙𝑒𝑟𝑎𝑡𝑖𝑜𝑛  

𝜕𝑢

𝜕𝑥
= 2𝑥 → 𝑥 = 1 →  

𝜕𝑢

𝜕𝑥
= 2 

𝜕𝑢

𝜕𝑦
= 2𝑦 → 𝑦 = 1 →  

𝜕𝑢

𝜕𝑦
= 2     𝑐𝑜𝑛𝑣𝑒𝑐𝑡𝑖𝑣𝑒 𝑎𝑐𝑐𝑒𝑙𝑒𝑟𝑎𝑡𝑖𝑜𝑛 

𝜕𝑣

𝜕𝑥
= 2𝑥 → 𝑥 = 1 →  

𝜕𝑣

𝜕𝑥
= 2 

𝜕𝑣

𝜕𝑦
= −2𝑦 → 𝑦 = 1 →  

𝜕𝑣

𝜕𝑦
= −2 

𝑎𝑥 =
𝑑𝑢

𝑑𝑡
=

𝜕𝑢

𝜕𝑡
+ 𝑢

𝜕𝑢

𝜕𝑥
+ 𝑣

𝜕𝑢

𝜕𝑦
 →  𝑎𝑥 = 2 + (3)(2) + (10)(2)  →  𝑎𝑥 = 28 𝑚/𝑠2 

𝑎𝑦 =
𝑑𝑣

𝑑𝑡
=

𝜕𝑣

𝜕𝑡
+ 𝑢

𝜕𝑣

𝜕𝑥
+ 𝑣

𝜕𝑣

𝜕𝑦
 →  𝑎𝑦 = 10 + (3)(2) + (10)(−2)  →  𝑎𝑦 = −4 𝑚/𝑠2 

𝑎 = √(28)2 + (−4)2  → 𝑎 = 28.28 𝑚/𝑠2 

   

Question 13: The velocity components of an ideal fluid in a two-dimensional (2D) flow are given as: 

16 12 , 12 9u y x v y x     

For this flow: 

a- Show whether the flow steady (permanent) or not. 

b- Determine whether such a flow is physically possible or not.  

c- Examine whether a velocity potential exists or not? 

d- Find the stream function and find the equation of a streamline that passes through the point which has coordinates x=1, 

y=2. 
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e- Is it possible to determine the equation of equi-potential lines? Explain why. 

f- Explain where the Bernoulli equation is valid for this flow. 

 

 

Solution 13: 

a-  

If the flow is permanent, it has to satisfy   
𝜕𝑢

𝜕𝑡
= 0,

𝜕𝑣

𝜕𝑡
= 0 

Since the u and v are independent of t (time)   
𝜕𝑢

𝜕𝑡
= 0 𝑎𝑛𝑑  

𝜕𝑣

𝜕𝑡
= 0. Therefore, the flow is permanent. 

b-  

For such a flow to exist Physically,  
𝜕𝑢

𝜕𝑥
+

𝜕𝑣

𝜕𝑦
= 𝟎 .  

𝜕𝑢

𝜕𝑥
= −12 

𝜕𝑣

𝜕𝑦
= 𝟏𝟐 

𝜕𝑢

𝜕𝑥
+

𝜕𝑣

𝜕𝑦
  →  −𝟏𝟐 + 𝟏𝟐 = 𝟎 

Therefore, it is possible to have this flow physically. 

c-  

𝑤𝑧 =
1

2
(

𝜕𝑣

𝜕𝑥
−

𝜕𝑢

𝜕𝑦
) = 0 → 𝐸𝑥𝑖𝑠𝑡𝑖𝑛𝑔 𝑣𝑒𝑙𝑜𝑐𝑖𝑡𝑦 𝑝𝑜𝑡𝑒𝑛𝑡𝑖𝑎𝑙.  

𝜕𝑣

𝜕𝑥
= −9 

𝜕𝑢

𝜕𝑦
= 16 

𝑤𝑧 =
1

2
(

𝜕𝑣

𝜕𝑥
−

𝜕𝑢

𝜕𝑦
) = 0 →  𝑤𝑧 =

1

2
(−9 − 16) ≠ 0  𝑁𝑜 𝑣𝑒𝑙𝑜𝑐𝑖𝑡𝑦 𝑝𝑜𝑡𝑒𝑛𝑡𝑖𝑎𝑙 𝑒𝑥𝑖𝑠𝑡𝑠. 

 

d-  

Function of the streamline: 

𝑢 =  
𝜕𝜓

𝜕𝑦
→  ∫ 𝜕𝜓 =  ∫ 𝑢𝜕𝑦 →  ∫ 𝜕𝜓 =  ∫(16𝑦 − 12𝑥)𝜕𝑦 → 𝜓1 = 8𝑦2 − 12𝑥𝑦 + 𝑐1 

𝑣 = −
𝜕𝜓

𝜕𝑥
→  ∫ 𝜕𝜓 =  ∫ −𝑣𝜕𝑥 →  ∫ 𝜕𝜓 =  ∫ −(12𝑦 − 9𝑥)𝜕𝑥 → 𝜓2 = 12𝑥𝑦 −

9𝑥2

2
+ 𝑐2 

𝜓 = 𝜓1 + 𝜓2   →  𝜓 = 8𝑦2 − 12𝑥𝑦 + 𝑐1 + 12𝑥𝑦 −
9𝑥2

2
+ 𝑐2 

𝜓 = 8𝑦2 −
9

2
𝑥2 + 𝑐 

 

e- It cannot be determined. Because velocity potential does not exist. 

f- Since the flow is irrotational, the BERNOULLI equation is only valid along a streamline. 


